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Abstract 



We prove that Prym varieties are characterized geometrically by the existence of a 
symmetric pair of quadrisecant planes of the associated Kummer variety. We also show 
' that Prym varieties are characterized by certain (new) theta- functional equations. For 

. this purpose we construct and study a difference-differential analog of the Novikov- 

I Veselov hierarchy. 



1 Introduction 

An involution a : F i — > F of a smooth algebraic curve F induces an involution a* : J(F) 



CN . ^(r) of the Jacobian of the curve. The odd subspace under this involution, i.e. the set 

of 2; G J(F) such that o'*{z) = —z, as the kernel of a homomorphism of abelian varieties, 
is the sum of a lower- dimensional abelian variety, called the Prym variety (the connected 



Q ■ component of zero in the odd subspace), and a finite group. The Prym variety naturally 
^ ■ has a polarization induced by the principal polarization on the Jacobian. However, this 
polarization is not principal, and the Prym variety admits a natural principal polarization if 
and only if a has at most two fixed points on F — this is the case we will concentrate on. 

^ ■ The problem of characterizing the locus Vg of Pryms of dimension g in the moduli space 

Ag of all principally polarized abelian varieties (ppav's) is well-known and has attracted a lot 
of interest over the years. In some sense the Prym varieties may be geometrically the easiest 
to understand ppavs beyond Jacobians, and one could hope that studying them would be a 
first step towards understanding the geometry of more general abelian varieties as well. 

Recently, the Prym varieties for the case of an involution with two fixed points were 
characterized in [16] by one of the authors by the property of the theta function satisfying a 
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certain partial differential equation, coming from the theory of integrable Schrodinger equa- 
tions. The main goal of this paper is to give a geometric (and equivalent theta-functional) 

characterization of Prym varieties corresponding to involutions with no fixed points (the 
Prym varieties of involutions with two fixed points arise as a degeneration of this case). 

Let B be an indecomposable complex symmetric matrix with positive definite imaginary 
part. It defines an indecomposable ppav X := C^/A, where A := + BZ^ C C^. The 
Riemann theta function is given by the formula 

9{B, z) := J2 e2^^(^'"*)+"(^"^'"^), {z, m) = rmzi + ... + rUgZg 
for ^ e C^. The theta functions of the second order are defined by the formula 

Q[e\{B,z) := ^ g27ri(2m+£,2)+7ri(2m+e,S(m+f )) 

for e e ['L/2'Ly . The Kummer variety K[X) is then defined as the image of the Kummer 
map 

K:z^ {Q[e]{z)}^,, ,e(z/2Z)« e P"'"'- 
A projective (m — 2)-dimensional plane P™'^^ p29-i intersecting K[X) in at least m points 
is called an m-secant of the Kummer variety. 

The Kummer images of Jacobians of curves were shown to admit many trisecant lines 
(see [9]). It was then shown by Gunning [11] that the existence of a one-dimensional family 

of trisecants in fact suffices to characterize Jacobians among all ppavs. Welters, inspired by 
the Gunning's theorem and the Novikov's conjecture proved later by Shiota [28], formulated 
in [29] the following conjecture: If K{X) has a trisecant, and X is indecomposable, then X 
is a Jacobian, and this was recently proved by the second-named author in ([15, 17]). 

Prym varieties possess generalizations of some properties that Jacobians possess. In [2] 
Beauville and Debarre, and in [10] Fay showed that the Kummer images of Prym varieties ad- 
mit many quadrisccant planes. Similarly to the Jacobian case, it was then shown by Debarre 
in [5] that the existence of a one-dimensional family of quadrisecants characterizes Pryms. 
However, Beauville and Debarre in [2] showed that the existence of a single quadrisccant 
plane to the Kummer variety docs not characterize Pryms. 

In this paper we prove that the Prym varieties are characterized by the existence of a 
symmetric pair of quadrisecants of the corresponding Kummer variety — i.e. of two different 
2-planes each intersecting the Kummer variety in 4 points, such that the points of secancy 
for the two planes are related in some precise way. We deduce this from a characterization 
by some theta-functional equations, and study the associated discrete Schrodinger equations 
along the way. 

The structure of this work is as follows. In section 2 we prove that (the Kummer images 
of) Prym varieties have symmetric pairs of quadrisecants. This is done via an algebro- 
geometric construction of difference potential Schrodinger operators that play a crucial 
role in all our further considerations. Our construction is a discrete analog of the well- 
known Novikov-Vcselov algebro-geometric construction from [25] of a potential for the two- 
dimensional Schrodinger operators. The latter is a reduction of a more general construction 
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of finite-gap on one energy level Schrddinger operators in a magnetic field first proposed in 
[8] and based on tfie concept of the Baker- Akhiezer functions introduced in [12, 13]. 

The Baker- Akhiezer functions are uniquely defined by giving the data of an algebraic 
curve with fixed local coordinates in the neighborhoods of marked points, and by a divisor 
of its poles away from the marked points. These functions arc not algebraic — they have 
essential singularities at marked point. To the authors' surprise in the case of unramified 
double covers the very same arguments that led Novikov and Veselov to a proof that certain 
constraints on the algebro-geometric spectral data of [8] are sufficient for potential reduction 
show that the poles divisor of the Baker- Akhiezer functions associated to unramified double 
covers of algebraic curves is of degree less than one would expect from the general theory. 
It turned out that this unexpected observation is equivalent to some well-known results of 
Mumford on Prym varieties [23]. 

In section 3 we introduce a discrete analog of the Novikov- Veselov hierarchy and study its 
properties. It is a set of difference-differential equations describing integrable deformations 
of potential difference Schrodinger operators. In section 4 of the paper, following the lines 
of works [15, 16, 17] we construct a wave solution, and then in section 5 we finish the proof 
of our main result on the characterization of the Prym varieties of unramified covers. It is 
necessary to emphasize that, unlike the Jacobian case, the Prym variety remains compact 
under certain degenerations of the curve. No characterization of Prym varieties given in 
terms of the period matrix of the Prym differentials can single out the possibility of such 
degenerations. 



Theorem 1.1 (Main theorem) An indecomposable principally polarized abelian variety 
{X,9) G Ag is (in the closure of) the locus Vg of Prym varieties of unramified double covers 
if and only if there exist vectors A,U,V,W e representing distinct points in X, none 
of them points of order two, and constants Ci, C2, C3, Wi, ^2, € C such that one of the 
following equivalent conditions holds: 

{A) The difference 2D Schrddinger equation 

'^n+l,m+l ~ Un,m{'4^n+l,m ~ i^n,m+l) ~ i^n,m = (1-1) 

with 

ejiv + + niV + iy„JV + Z) 0(nU + (//; + 1)1' + u„,„]V + Z) 

Un,m ■— nm^^^^ ^ + (m + 1)V + (1 - Unm)W + Z) e{nU + mV + {I - Unm)W + Z) ' 

(1.2) 

where 

2i.„^-l + (-l)"+'"+\ a^:=C3(cr+'c^+i)'"''- (1.3) 

and 

OiA + nU + mV + ..^W + Z) (e^e")--"-" . (1.4) 

^ ' 9{nU + mV + {1 - iynm)W + Z) i 2 3 V i 2; \ j 

is satisfied for all Z & X. 
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[B) The following identity holds: 

WiW2[CiC2) K - WiC3(W3Ci)=^ K 



+W2Cs(wsC2)^'K ^ = ' (1-5) 



2 J \ 2 

where K : ^ C^" is the lifting of the Kummer map to the universal cover. 

(C) The two equations ( one for the top choice of signs everywhere, and one — for the 
bottom) 

cf^cj e{z + u- V) 9{z-u± w) e{z + v± w) 
+c'^^cl e(z-u + V) e(z + u± w) e(z-v± w) 
= of of e{z-u - V) d{z + u± w) d{z + v± w) 

+e{z + u + v)e{z -u ±w) e{z -V ±w) (i.e) 

are valid on the theta divisor {Z e X : 9{Z) — 0}. 

The purely geometric statement of part (B) of this result is as follows. 

Corolletry 1.2 (Geometric characterization of Pryms) Given {X,9) e Ag, if there ex- 
ist distinct points pi,P2,P3,P'i G X , none of them points of order two, such that the Kummer 
images of the eight points pi ± p2 =t =t p4 lie on two quadrisecants (the four points with 
the same parity of the number of plus signs forming each quadruple), then {X, 9) lies in the 
closure of the locus of Prym varieties of unramified double covers. 



Proof. Indeed, statement {B) gives the two linear dependencies for the Kummer images 
of the two quadruples of point. The 6 coefficients of linear dependence appearing in these 
two equations depend on 6 parameters Ci,Wi and are independent (since all Ci,Wi can be 
recovered from the 6 coefficients); thus {B) says that any ppav admitting a symmetric pair 
of quadrisecants is a Prym. ■ 

The equivalence of {A) and {B) is a direct corollary of the addition formula for the theta 
function. The "only if" part of {A) is what we prove in section 2. The statement (C) is 
actually what we use for the proof of the "if" part of the theorem. The characterization 
of Pryms by (C) is stronger than the characterization by {A). The implication {A) ^ (C) 
does not require the explicit theta-functional formula for ip. It is enough to require only 
that equation (1.1) with u as in (1.2) has local meromorphic solutions which are holomorphic 
outside the divisor 9{Un + Vm + Z) = (see lemma 4.1). 

It would be interesting to try to apply our geometric characterization of Pryms to study- 
ing other aspects of Prym geometry and of the geometry of the Prym locus, including the 
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Torelli problem for Pryms, higher-dimensional secancy conditions, representability of homol- 
ogy classes in Pryms, etc. It is also tempting to ask whether a similar characterization of 
Prym-Tyurin varieties of higher order may be obtained, or whether one could use secancy 
conditions to geometrically stratify the moduli space of ppavs. We hope to pursue these 
questions in the future. 



2 Potential reduction of the algebro-geometric 2D dif- 
ference Schrodinger operators 

To begin with let us recall a construction of algebro-geometric difference Schrodinger oper- 
ators proposed in [18] (see details in [21]). 

General notations, BaJcer-Akhiezer functions. 

Let r be a smooth algebraic curve of genus g. Fix four points P^,P^ G F, and let 
D = 7i + ■ ■ ■ + 7^ be a generic effective divisor on F of degree ^. We denote by B the period 
matrix of the curve F (the integrals of a basis of the space of abelian differentials on F over 
the 6-cycles, once the integrals over the a-cycles are normalized), by J(F) = U'/Z^ + BIP 
— the Jacobian variety of F, and by A : F ^ J(F) the Abel-Jacobi embedding of the curve 
into its Jacobian. We further denote by 

e{z) :=9iB,z), 

the Riemann theta function of the variable z E . 

By the Riemann- Roch theorem one computes h^{D + n{P^ — P^) + m{P,^ — P2 )) = 1, 
for any n,m E Z, and for D generic. We denote by 'ipn.mi.P), P E T the unique section 
of this bundle. This means that ijjn,m is the unique up to a constant factor meromorphic 
function such that (away from the marked points P^) it has poles only at 7^, of multiplicity 
not greater than the multiplicity of 7^ in iD, while at the points P^, P} (resp. Pf, P2) the 
function ^l)n,m has poles (resp. zeros) of orders n and m. 

If we fix local coordinates in the neighborhoods of marked points (it is customary in 
the subject to think of marked points as punctures, and thus it is common to use coordinates 
such that k at the marked point is infinite rather than zero), then the Laurent series for 
ipn,m{P)i for P ET near a marked point, has the form 

i'n,m = fc±"||^C^(n,m)fc-^j, fc = fc(P), P^P±, (2.1) 

i^n,m = k^^ i^xHn,m)k-^ , k^kiP), P^P^^. (2.2) 

Any meromorphic function on a Riemann surface can be expressed in terms of the theta 
functions, but it is easier to write an expression for V'n,m using both the theta functions and 
the differentials of the third kind. Indeed, for i = 1, 2 let dh' E H^{Kr + + P^~) be the 
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differential of the third kind, normahzed to have residues ^1 at and with zero integrals 
over all the a-cycles, and let be the corresponding abelian integral, i.e. the function on the 
Ricmann surface obtained by integrating dJl* from some fixed starting point to the variable 
point. Then we have the following expression 

where is some constant, U = A(P^) — 74(^1^), V = ^(^V) ~ ^^(^2)^ 

Z^-J2M1s)+1^: (2.4) 

s 

where k is the vector of Riemann constants. Indeed, to prove that such an expression for 
4'n,m is valid, one only needs to verify that both sides have the same zeros and poles, which 
is clear by construction. 

Notation. From now on it will be useful to think of n and m as discrete variables, 
which are shifted by the shift operators that we denote Ti : n 1— > n + 1 and T2 : m >—>■ m + 1 
respectively. To emphasize the difference between the operator and its action, for a function 
/ = f{n, m) we will write t^f :— o /, so that for example Ti{f • g) — tif • tig. We will 
also denote H :— T1T2 — u{Ti — T2) — 1 the difference operator that is very important for 
what follows. 

Theorem 2.1 ([18]) The Baker-Akhiezer function 'ipn,m given by formula (2.3) satisfies the 
following difference equation 



where we let 



+ ^n,m = 0, (2.5) 

eo+(n + l,m + l) _ x^(n + l,m+l) 



._ , ^~(n,m + 1) _ ^-(n, m + 1) Xpjn + 1, m + 1) 



Explicit ^-functional formulae for the coefficients follow from equation (2.3) which implies 

(2.8) 



'^"^ eiA{p,^) + z) ^ ^ 

The constants a^, (3^ are defined by the formulae: 

a^^Vi2{P^); Vti =±\nk + at + 0{k~^), P^P^, (2.10) 

(5f^ni{P^); fl2 =±lnk + l3^ + 0{k-^), P^P^. (2.11) 
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Setup for the Prym construction 

We now assume that the curve F is an algebraic curve endowed with an involution a 
without fixed points; then F is a unramified double cover F i — > Fq, where Fq = F/cr. If F is 
of genus ^ = + 1, then by Riemann-Hurwitz the genus of Fq is 51+ 1. On F one can choose 
a basis of cycles a^, 6j with the canonical matrix of intersections aj ■ = bi ■ bj = 0, a.i- bj = 
6ij, < i,j < 2g, such that under the involution a we have a{ao) = Gq, a{bo) = bo, cr(aj) — 
dg+j-, o-{bj) = bg+j, 1 < j < g. If duji are normalized holomorphic differentials on F dual to 
this choice of a-cycles, then the differentials duj — dcuj — dujg+j, ior j — 1 . . .g are odd, i.e. 
satisfy a*{duk) = —duk, and we call them the normalized holomorphic Prym differentials. 
The matrix of their 6-periods 

Ukj^ (f duj, l<Kj<g, (2.12) 
is symmetric, has positive definite imaginary part, and defines the Prym variety 

v{r) := cvz^ + nz^ 

and the corresponding Prym theta function 

9{z) ■.^9{U,z), 

for z E C^. We assume that the marked points P^^, on F are permuted by the involution, 
i.e. = a{P~). For further use let us fix in addition a third pair of points P^, such that 
also P3" =(7 (7^3+). 

The Abel-Jacobi map F ^(F) induces the Abel-Prym map A : F 1 — > 'P{T). There is a 
choice of the base point involved in defining the Abel-Jacobi map, and thus in the Abel-Prym 
map; let us choose this base point (such a choice is unique up to a point of order two in 
V{T)) in such a way that 

A{P) = -A{a{P)). (2.13) 

Admissible divisors. An effective divisor on F of degree g — 1 — 2g,D = 'fi + .. .723, is 
called admissible if it satisfies 

[D] + [a(D)] = e J(F) (2.14) 

(where is the canonical class of F), and if moreover H^[D + ct(D)) is generated by an 
even holomorphic differential dO., i.e. that 

dVL{'-is) = dn{a{-fs)) = 0, dn = a{dn). (2.15) 

Algebraically, what we are saying is the following. The divisors D satisfying (2.14) 
are the preimage of the point Kr under the map 1 + a, and thus are a translate of the 
subgroup Ker{l + a) G J(F) by some vector. As shown by Mumford [22], this kernel has 
two components — one of them being the Prym, and the other being the translate of the 
Prym variety by the point of order two corresponding to the cover F — > Fq as an element in 
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7ri(ro). The existence of an even differential as above picks out one of the two components, 
and the other one is obtained by adding A — a{A) to the divisor of such a differential, for 
some A. In Mumford's notations the component we pick is in fact P~ (when we choose the 
base point according to (2.13) to identify Pic'' and Pic^~^), but throughout this paper we 
will have to deal with both components, using some point (which will be called P^) and the 
corresponding shift by — P^ to pass from one component to the other. We will prove 
the following statement. 



Proposition 2.2 For a generic vector Z the zero-divisor D of the function 6{A{P) -\-Z) on 
r is of degree 2g and satisfies the constraints (2.14) (J'l^d (2.15), i.e. is admissible. 



Remark. We have been unable to find a proof of this statement in the literature. However, 
both Elham Izadi and Roy Smith have independently supplied us with simple proofs of 
this result, based on Mumford's description and results on Prym varieties. The reason we 
have chosen to still give the longer analytic proof below is because we need some of the 
intermediate results later on, and also to give an independent analytic proof of some of 
Mumford's results. 

Note that the function 0{A{P) + Z) is multi-valued on F, but its zero-divisor is well- 
defined. The arguments identical to that in the standard proof of the inversion formula (2.4) 
show that the zero divisor D{Z) :— 9{A{P) + Z) is of degree g — 1 — 2g. 

Lemma 2.3 For a generic D — D{Z) and for each set of integers {n, m, r) such that 

n + m + r = mod 2 (2-16) 

the space 

H\D + n(P+ - Pf ) + m{P+ - P^) + r{P+ - P^)) 
is one- dimensional. A basis element of this space is given by 

J, (p).-h ^(^(^) +nU + mV + rW + Z) n,(P)+mn,(P)+rn,(P) (o^7) 

y^n,m,r\-^ ) ■— "'n,m,r 9(A(P) -\- Z) ' l^""^'^ 

where flj is the abelian integral corresponding to a differential dfli of the third kind, odd 
under the involution a, and with residues ^1 at P^ (i.e. dfli — —a{dQ.j)), satisfying the 
normalization condition 

j> dVtj^mlk, keZ, /c- 0, ...,2c/, (2.18) 

Jak 

and U, V, W are the vectors of b-periods of these differentials, i. e. 

2mUk = f dfli, 2mVk = f dVt2, 2niWk = f dfl^. (2.19) 

Jbk Jbk Jhk 
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Proof. It is easy to check that the right hand side of (2.17) is a single valued function on 

r having all the desired properties, and thus it gives a section of the desired bundle. Note 
that the constraint (2.16) is required due to (2.18), and the uniqueness of ■?/' up to a constant 
factor, i.e. the one-dimensionality of the above, is a direct corollary of the Riemann-Roch 
theorem. ■ 

For further use let us note that bilinear Riemann identities imply 

2U^A{P,-)-A{P^), 2V = A{P,-)-A{P^), 2W = A{P,-) - A{P^). (2.20) 

Let us compare the definition of il'n,m defined for any curve F, with that of ipn,m,ri which 
is only defined for a curve with an involution satisfying a number of conditions. To make 
such a comparison, consider the divisor D — D + P^ of degree g — 2g and let ^n,m be 
the corresponding Baker- Akhiezer function. 

Corollary 2.4 For the Baker- Akhiezer function ipnm corresponding to the divisor D = D + 
P^ we have 

where v = Vnm is defined in (1.3), i.e. is or 1 so that n-\-m-\-v is even. 

Corollairy 2.5 Ifn + m is even, then by formulae (2.3,2.17) 

e{A{P) +nU + mV + Z) ^(A(Po) +Z) _ 
e{A{P) + Z) 9{A{Pq) + nU + mV + Z) 

^nr,+mr2^ (2.22) 



9{A{P) +nU + mV + Z) e{A{Po) + Z) 



e{A{P) + Z) e{A{PQ) +nU + mV + Z) 
where ri = jp^{dVti — dVLi), and we recall that Z — A[D) + "k, and Z is its image. 

Reiiicirk 2.6 This equality, valid for any pair of points P, Pq is a non-trivial identity between 
theta functions. The authors' attempts to derive it directly from the Schottky-Jung relations 
have failed so far. 

Notation. For brevity throughout the rest of the paper we use the notation: ipn,m '■— 

Lemma 2.7 The Baker- Akhiezer function ipn,m given by 

e{A{P) + Un + Vm + VnmW + Z) ^nn^{P)+rnn2{P)+u^^n-4P) 

^"'"^ ~ e{Un +Vm+{1- Vnm)W + Z) d{A{P) + Z) ' ^{2vnm-l){nU,{P+)+mn2{P+)) ' ^ ' > 
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satisfies the equation (1.1), i.e. 

with Un,m in (1.2,1.3), where 

ci = e^^(^3+), C2 = e"^(^3+), C3 = e^^(^^) (2.24) 



Proof. Note that the first and the last factors in the denominator of (2.23) correspond to a 
special choice of the normalization constants hn,m,i' in (2-17): 

^nmiPs)^ {eiZ + W))-\ Unm^O, 
V'nme-^3|p^p+ = ^e{Z-W))-\ Unm = l. (2.25) 

This normalization implies that for even n + m the difference {ipn+i,m+i — '4^n,m) equals zero 
at . At the same time as a corollary of the normalization we get that (V'n+i,™ — V'n.m+i) 
has no pole at P^ . Hence, these two differences have the same analytical properties on F and 
thus are proportional to each other (the relevant is one-dimensional by Riemann-Roch) . 
The coefficient of proportionality Unm can be found by comparing the singularities of the 
two functions at P^ . ■ 

The second factor in the denominator of the formula (2.23) docs not affect equation (1.1). 
Hence, the lemma proves the "only if" part of the statement [A) of the main theorem for 
the case of smooth curves. It remains valid under degenerations to singular curves which are 
smooth outside of fixed points which are simple double points, i.e. to the curves of type 

{r,(7,gfc}. 

Remark 2.8 Equation (1.1) as a special reduction of (2.5) was introduced in [7]. It was 
shown that equation (2.5) implies a five-term equation 

'0n+l,m+l (^nm'4^n+l,m—l ^n,m'0n— l,m+l ~l~ Cnm'4^n—l,m—l — dnjm'4^n,m (2.26) 

if and only if it is of the form (1.1). A reduction of the algehro- geometric construction 

proposed in [18] in the case of algebraic curves with involution having two fixed points was 
found. It was shown that the corresponding Baker-Akhiezer functions do satisfy an equation 
of the form (1.1). Explicit formulae for the coefficients of the equations in terms of Riemann 
theta-functions were obtained. The fact that the Baker-Akhiezer functions and the coefficients 
of the equations can be expressed in terms of Prym theta-functions is new. 

We are now ready to complete the proof of proposition (2.2). Let ipn,m be the Baker- 
Akhiezer function given by (2.23). According to Lemma 2.3 it satisfies equation (1.1). The 
differential dipn,m is also a solution of the same equation, and thus we get, using the shift 
operator notation, 

{Tl - l){rn,mdi^n,m+l ' Cm+l^^V^n,m) = {T2 ' 1) (Cr.^^V'n+l,.n - C+l.m^^V'n.m) (2-27) 
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For a generic set of algebro-geometrical spectral data the products i/j!^^j^i/jn,m+i ^-nd 
V'n,mV'n+i,m quasi-periodic functions of the variables n and m. The data for which they 
are periodic are characterized as follows. 

Let dpj, i = 1,2 be the third kind abelian differentials with residues ^1 at the punc- 
tures P^, respectively, and normalized by the condition that all of their periods are purely 

imaginary, 



3fJ 



jf (ipj- = 0, Vc e H\T, Z). (2.28) 

Non-dcgcncracy of the imaginary part of the period matrix of holomorphic differential implies 
that such dpj exists and is unique. If the periods of dpj are of the form 

dp, = ni e Z, (2.29) 

then the function fJ,j{Q) — e-^^ -^*^*^ is single- valued on F, has pole of order Nj at Pj' and 
zero of order Nj at P~. From the uniqueness of the Baker- Akhiezer function it then follows 
that 

/^U-^S ) /^2(,-f3 ) 

■0n+2iVi,m = 7^^+7 V'n.m, '4'n,m+2N2 = 7^+7 V'n.m , = 1 (2.30) 

These imply 

'4^n+2Numd'4^n+l+2Ni,m = Cm#n+l,m + {'4^n,m'4^n+l,m)dpi (2.31) 

and similar monodromy properties for the other terms in (2.27). In this case the averaging 
of equation (2.27) in the variables n,m gives the equation 

(V'^taV' - t2V)i^)2dpi = {Vi^ii^) - {ti^")^)i dp2. (2.32) 

Here (•)! stands for the mean value in n and (•)2 stands for the mean value in m. For a 
generic curve differentials dpj have no common zeros. Hence, for such curves the differential 

d^ = u /""^ : :^ - n Z'"' : :^ (2-33) 

is holomorphic on F. It has zeros at the poles of i/j and ijj'^. The curves for which (2.29) 
holds for some Nj are dense in the moduli space of all smooth genus g curves. That proves 
that equation (2.33) holds for any curve. Proposition (2.2) is proven. 

Remark 2.9 We have thus proven that for any Prym variety part (A) of the main theorem 
is satisfied. Note, however, that the statement of the main theorem is for all abelian varieties 
in the closure of the locus Vg in Ag. To show that condition (A) holds for abelian varieties 
in the closure, it is enough to note that (A) is an algebraic condition, and thus is valid on 
the closure of the locus. 

When we prove the characterization — the "only if" part of the main theorem — in 

section 5, there will be no problems with the closure as we will be able to show explicitly that 
condition (C) (implied by (A)) exhibits the abelian variety as the Prym for a possibly nodal 
curve. 
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3 A discrete analog of Novikov-Veselov hierarchy 



In this section we introduce multi-parametric deformations of the Baker- Akhiezer functions 
and prove that they satisfy a system of difference-differential equations. The compatibihty 
conditions of these equations can be regarded as a discrete analog of the Novikov-Veselov 
hierarchy ([25]). 

Let t = {tj, tl, i = 1, 2 . . .} be two sequences of complex numbers (we assume that only 
finitely many of them are non-zero). We will construct a function on the curve V with 
prescribed exponential essential singularities at the points controlled by these t. 



Lemma 3.1 Let D = D{Z) = 71 + ... 4- 72^ be an admissible divisor. Then there exists a 
unique up to a constant factor meromorphic function ipn,m{t, P) of P & T, which we call a 
multi-parametric deformation of the Baker- Akhiezer function, such that 

(i) outside of the marked points it has poles only at the points 7^ of multiplicity not greater 
than the multiplicity of js in D 

(ii) ipn,mi't, P) has an at most simple pole at P^ 

(Hi) in the local coordinate mapping a small neighborhood of P^ to a small disk in C, 
(with the marked point mapping to zero), it has the power series expansion 

t^„,^(t,P) = ^^"e f ^^±(n,m,t)fcM , (3.1) 

for some (notice that this means there is an essential singularity, and the expansion 
starts from k~'^ at P^ and /c" at P^ , and goes towards k~°°) 

(iv) in the local coordinate k~^ near P^ it has the power series expansion 

^n,m{t,P) = k^"'e \J2xHn,m,t)k^j. (3.2) 



Proof. This function V'n.m is given by 

, up^h .,^ ^(-4(P) +nU + mV + u^^W + Z + ^^Ul + tp^)) 

X exp (nQ^{P) + mn^iP) + i^nA{P) + Y.^t]n]{P) + tln1{P))^ , (3.3) 

where Jli, il2, ^3 and the vectors U, V, W are as in Lemma 2.2; for = 1, 2 is the abelian 
integral of the differential dO,^ which has poles of the form 

(if)]^^^ = ±d{y + 0(1)) (3.4) 
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at the punctures -Pi (2)' holomorphic everywhere else and is uniquely determined by the 
normalization conditions 

/ dQ}f^ =0, A; = 0,...,2^; (3.5) 

J at 
1(2) 

coordinates of the vectors Uj ' are defined by 6-periods of these differentials, i.e. 

^mUlf = (f dnf\ k = l,...,g (3.6) 

Note that, as before, if Unm = then tlJn,ni is in fact holomorphic at P^^, and if Unm = 1, then 
ipn,m does have a pole at P^, but also has a zero at P^ . As before, we normalize ipn,m by 
the conditions (2.25). ■ 



Notations. In what follows we will deal with formal pseudodifference operators, shifting n 
and m, with coefficients being functions of the variables n and m, and of the fs. From now 
on when we write functions f,g,... as coefficients of pseudodifference operators, they are 
meant to be functions of n, m and t. 

Denote by TZ the ring of functions of variables n, m, and t. We denote by Of the rings 
of pseudodifference operators in two variables that are Laurent polynomials in T^, i.e. 

M2 00 

j=Mi i=N 

where Tij e TZ. The intersection 

o := Of n or = n[T,,Tr\ Ts, 77^] 

is the ring of difference operators. We further denote Of^ the ring of pseudodifference 
operators in one variable that are Laurent polynomials in T^, thought of as subrings of Of, 
respectively, i.e. 

00 

Of, ■.= nm)) = {D = ^nTi}. 

i=N 

Finally we denote by Oh the left principal ideal generated by the operator H — T1T2 — 
u{Ti - T2) - 1, i.e. Oh := OH, and similarly set 0% := OfH. 

Moreover, in doing computations in these rings it is often convenient to compute only a 
couple highest terms. To this end, we will use for A; > notations 0{T{^) = T-^''TZ[[T-^^]] for 
the operators in Of only having the terms with T" for n < —k, and by 0{Tf) = TfTZ[[Ti]] 
— operators in Oi only having terms with for n > k. 

We now want to show that the multi-parametric deformations of the Baker-Akhiezer 
functions satisfy a hierarchy of difference-differential equations — the result is as follows. 
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Proposition 3.2 The Baker-Akhiezer function ip — ipn^rnit^P) satisfies (1.1) with Unm as 

in (1.2), with Z replaced by Z + J^ji^jUj + fjUf) (this can be written as Ht/j — 0). There 
exist unique difference operators of the form 

L'j'^-(^foj + Y.fif^i + ^i^'fiJ^^^ /^ = 1'2' i = l,2,... (3.7) 
such that the equations 

^ ^ = L^'^ (3-8) 

hold. 



Proof. The proof of the first statement is identical to that in lemma 2.3. The proof of the 
statement that there are operators of the form 

= <^T; (3.9) 

i=-j 

such that (3.8) hold is standard. Indeed, for each formal series (3.1) there exists a unique 
operator L^-^-* such that 

[w ~ ^ ^ ' ^ °' ^^'^^^ 

The coefficients gf^ of the operator are difference polynomials in terms of the coefficients 
of the scries (3.1). Now note that the left-hand- side of (3.10) satisfies all the properties 
that ip satisfies, and thus must be proportional to it. However, since = 0, the constant of 
proportionahty must be equal to zero, and thus the left-hand-side vanishes as desired. The 
same arguments proves the existence of . 

It remains to show that the operators have the form (3.7). This is a matter of showing 
that the coefficients of satisfy certain identities, i.e. that the generally constructed gl'^^ 
for —j<i< j can in fact be expressed in terms of f-^^ for 1 < ? < j — 1. One easily checks 
that if is given by (3.7), then its operator formal adjoint satisfies 

(Lf )* = -(T, - T^-^)Lf (T, - T^y\ (3.11) 

This equation is in fact equivalent to (3.7), as it determines the coefficients of all the negative 
powers of T^ uniquely, given the coefficients of the positive powers. It thus remains to prove 
this identity. 

We denote by ip'^ the composition iIj'^{P) = ip{a{P)) — notice that by (3.1) we know the 
expansion of both ip and ip'^ near P^. Now consider the differential ip"' (TJ^{Tn — T~^) ip^ dil, 
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where, as before, dQ, is a holomorphic differential fiaving zeros at poles of ijj and ■0°^- Then 
this expression is a meromorphic differential on F which a priori has poles only at and 
P^. Due to normalization (2.25) it is holomorphic at the punctures P^ — the pole of ip 
cancels with the zero of ip'^ and vice versa. Therefore, for n > this differential has a pole 
only at P^, and hence its residue at this point must vanish: 

resp+ {r {T;{T, - T-') V') dQ) =0, Vn > 0. (3.12) 

The normalization (2.25) implies also 

resp+ (i/j" (T^ V) dn) = 1. (3.13) 

Equations (3.12,3.13) recurrently define coefficients of the power series expansion of ip^dVt 
at P+ in terms of the coefficients of the power series for ■0. The corresponding expressions 
can be explicitly written in terms of the so-called wave operator. 

We first observe that in the ring O^q there exists a unique pseudo-difference operator 

oo 
s=0 

such that the expansion (3.1) of ip at P^ is equal to 

^ = $ y^ngEitJfc' 

Indeed, this identity gives a unique way to determine the coefficients (ps recursively. 
Lemma 3.3 The following identity holds: 

iP^dn = (A;-"e-^^*''='(Ti - Tf i) ^-^(ri - Tf ^)-^) (3.16) 

Here and below the right action of pseudo-difference operators is defined as the formal adjoint 
action, i.e we set fT — T~^f. 

Proof. Recall that by definition the residue of a pseudo-differential operator D = dgT^ 
is resrD :— do- It is easy to check — by verifying that this holds for the basis, i.e. checking 
this for Di — and D2 — — that for any two pseudo-differential operators Di , D2 we 
have 

resfc (A;-"e-S'**'='Di) (^^2^6^'*^'^') dink = resr {D2D1) (3.17) 
The last equation implies that 

res, (k-^e-^^''^\T, - T{') ^-\T, - T,-')-') {T^T, - Tf i) ^) = 

resfe (^A;-"e-^***'='$-i(Ti - Tf i)-^) (Ti{Ti - Tf ^)$ A;"e^'*'*^') din A; = resy Tl' = 6^,0, 
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(3.14) 



(3.15) 



i.e. the formal series defined by the right hand side of (3.16) satisfies the equations (3.12,3.13), 
which are the defining equations (by solving term by term, see above) for ip'^dfl. ■ 



Now we are ready to complete the proof that the adjoints of satisfy (3.11), thus 
proving proposition 3.2. Consider the pseudo-difference operator 

for which ijj is an eigenvector: indeed 

jCiP = ^Tik^'e^i^i''' = $A;"+^e^* = ki^. (3.18) 

Considering the expansion of (3.8) in a neighborhood of Pi, we see that the positive parts 
of the pseudo-difference operators L^^^ and coincide: 

{Lfh = 4 (3-19) 
(where by the positive part of a pseudo-difference operator D — dgT^ we mean := 

The differential dfl is independent of n. Therefore, from (3.16) it follows that the operator 

C := (Ti - TiY^C*{Ti - Tf 1). (3.20) 

has ip"' as an eigenf unction: _ 

C^" = k^". (3.21) 

Equation (3.8) considered in the neighborhood of Pf implies that the negative parts of L^^^ 
and O coincide, 

(4'))_ = -Ci (3.22) 

The last two equations prove (3.11) and then (3.7) for ji — l. The case = 2 is analogous, 
and the proposition is thus proven. ■ 



Corollary 3.4 The operators H and Lj^^ satisfy the equations 



d 

^H=[L^,H] mod Oh, (3.23) 



Proof. It is easy to show that the ideal of pseudodifference operators D such that Di/j — 
is Oh- From (3.8) it follows that 

(a,Mij-[L;,if])^ = o. 

Hence, the right and left hand sides of (3.23) are equal in the factor- ring O/Oh ■ 
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It will be shown below that the system of non-linear equations (3.23) can be regarded as 
a discrete analog of Novikov-Veselov hierarchy. The basic equation of this hierarchy - the 
discrete analog of the Novikov-Veselov equation — is given by (3.23) for j — 1. The operator 
L^i^ is of the form 

=-i;(ri -Tf^). (3.24) 
Equation (3.23) is equivalent to the system of two equations for the two functions u — 

vitY^u) = u{t2v) (3.25) 
dtu = [(tit2t')(tiM) - u{t2v)] u - [tit2V - v] (3.26) 

The discrete Novikov-Veselov hierarchy. 

The discrete analog of the Novikov-Veselov hierarchy is of an independent interest. In 
what follows we consider only the part of the hierarchy corresponding to "times" tj := t}, 
and set all = 0. 

Let us write out this part of the hierarchy in a closed form. We think of it as a system 
of evolution equations on the following space 

oo 

5 I = T1T2 - u{Ti - Ta) - 1, >C = ^ ^;^^^+'} (3.27) 

i=0 

satisfying 

[H, £] = mod Oj, (3.28) 
and such that moreover u and Vq are of the form 

^, ^(tirUM (tir) (tr'V) 

u^C^— — r — , Vo = 5 , (3.29) 

where C is a constant and r = T{n,m) is some function. 

The meaning of (3.28) is as follows. A priori the operator [H,C] has a unique represen- 
tation of the form 

[H, C] = /i.Tf j ^ 

with D e Oi- Therefore, the constraint (3.28) is equivalent to equations hs = 0. The first 
of these equations /iq = is an equation for u and vq, which is automatically satisfied due 
to (3.29). 

By a direct computation of the series expansion of [H, C] it is easy to see that equations 
hs — ioT s > have the form 

{t2Vs){t^''u) - {t^^u)Vs = Rs{t, Vi,..., Vs-l), (3.30) 

where Rg is some difference polynomial. They recurrently define ^^(n, m), if "the initial 
data" ^51^=0 are fixed. Therefore, the space S of operators H, C with the leading coefficients 
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u,Vo of the form (3.29) satisfying (3.28) can be identified with the space of one function of 
two variables and infinite number of functions of one variable, i.e. {T{n,m),Vs{n), s > 0}. 

Our next goal is to define on 5 a hierarchy of commuting flows. Any operator in O^ q, 
and in particular O , has a unique representation in the form 

a = Yl - ^r') (3.31) 

i=—oo 

Then the formula (3.7) with n — 1 defines a unique operator Lj :— L^p such that (3.19) 
holds, and also satisfying the condition (3.11) with = 1 for the adjoint. 

Theorem 3.5 The equations 

dt.C = [L,-, £], dt,H = [Lj, H] mod Oh (3.32) 
define commuting flows on the space S. 



Proof. Note that the highest power of Ti in £ is Ti, and dt^H = {dt- u){Ti — T2). Thus in 
order to show that equations (3.32) are well-defined we need to prove the following 

(a) [Lj,C] is of degree not greater than 1; 

(b) [L,-,i/] = a,(ri-r2)mod Oh] 

(c) the corresponding equations for vq and u are consistent with the ansatz (3.29). 
The proof of (a) is standard. We compute 

Lj = a + Fj + F/Tf ^ + 0(r-2) , (3.33) 

where 

Fj = trVij - /-ij, = trV2j - /-2j. (3.34) 

Using [C, 0\ = 0, we get 

[L„ £] = [F, + 0(rf ^), £] = (F, - t,F,)voT, + 0(1), 
thus proving (a). Note also that by comparing the leading coefficients we obtain 

^ln^;o = F,-tiF,- (3.35) 

The proof of (b) is much harder. The difference operator HLj is of order 1 in T2. Hence 
it has a unique representation of the form 

HLj = Di - ajT2 + DH, (3.36) 

where D eO and Di e Oi^. 
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Our next goal is to show that Di is of degree 1 in Ti, i.e. has the form Di — bjTi + Cj. 
Prom the equation T^^H = mod Oh we get 

T2 = + Tf ^ - t^^wTf = + (1 - t^\t-\)T-^ + 0(Tf ^). (3.37) 

Equations [C^ , H] — and (3.33) imply that in Ojj the left hand side of (3.36) is equal to 

HLj = ((titsF,- - tiF,»ri+ 

+ ((1 - ut^^u)tit2Fj + {ut^^u)t2Fj - Fj + (tr^M)tit2F/ - MtiF/) + O(T-i) (3.38) 

Substituting this expression and the formula for T2 in (3.36), we get Di = bjTi + c+0{Ti^), 
where 

bj := (titaF, - tiF,) u, (3.39) 

Cj := fljt^^M + (1 - Mt^^M)tit2Fj- + {ut^^u)t2Fj - Fj + (t^^M)tit2F/ - utiFj (3.40) 

Now we are going to compute the left and the right hand sides of (3.36) in 0]j. Indeed, in 
Of we have 

Lj = - Fj - F}Ti + 0{Tl) , (3.41) 
where, as before, £ = (Ti - T{\^C*{Ti - Tf ^). If ^- are coefficients of L in (3.31), then 

C^ = -Y. Tr-h-{T^-T,-'). (3.42) 

i=—oo 

Hence, _ ^ 

Fj = tiF, = /i,, - ti/_i,„ = tlFf = f2, - t2/_2,,. (3.43) 

In order to proceed we now need the following statement. 
Lemma 3.6 If (3.28) is satisfied, then the equation 

[H,C] = 0modOH (3.44) 

holds. 



Proof. We will prove the lemma by inverting the arguments used above in the proof of 
Lemma 3.2. First, for a pair of operators £ and H satisfying (3.28) we introduce a formal 
solution ip = ipnm of equations 

jZtlj = kil^, H^ = Q (3.45) 

of the form 

V'nm - A;" m)k-^ . (3.46) 

Substitution of (3.46) into (3.45) gives a system of difference equations, which recurrently 
define ^5. They have the form 

(^2 is+l) - U = is-U (T2 is), (Ti - is+1 = Rs: (3.47) 
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where Rg are explicit expression linear in the coefficients Vr of C and difference polynomial 
in r < s. If u, Vq are of the form (3.29), then the first equation for s = — 1 is satisfied by 

Co = ^ . (3.48) 

T 

The compatibility condition of equations (3.47) is equivalent to (3.28). These equations 
uniquely define ^^+1 for all {n,m), if the initial data ^5_)_i(0,0) for (3.47) is fixed. Therefore, 
the solution ip is unique up to multiplication by a {n, m)-independent Laurent series in the 
variable k. 

The function ip defines a unique operator $ of the form (3.14) such that equation (3.15) 
holds (with ti — 0). Now we define a formal series 

^'^ = (Y. ^sin, m)k-^^ , Co = ^ (3.49) 

by the formula 

= ((Ti - Tf 1) ^-\Ti - T{^)-yk-'\ (3.50) 

This formal series is an eigenfunction of the operator L, i.e. C'^'^ — ki/j"^. Therefore, in order 
to prove (3.44) it is sufficient to prove that Hip'^ — 0. 

From equations (3.29, 3.48) it follows that 

if" := HiP" = k-"" C{n, m)k-'^ (3.51) 

Hence, to prove that ■0'^ = it is enough to show that 

riTii^)] ^ := res. (^ riT^dk ^ ^ ^. ^ ^ (3^2) 

Prom the definition of ip'^ it follows that 

[r{tl'^)]j, = 0, [V^-(trV)]« = l, J>0 (3.53) 
(compare to (3.12, 3.13)). Using the equation Ht/j — 0, we get 

t2 [rt'^i^] « = (ti^-'u) [t^rt''-'^)] ^ - (t'r'u) t, [rt'^-'^] ^ + [t^rt'^-'] « (3.54) 

Then, by induction, it is easy to show that (3.53) and (3.54) imply 

2j+l 2j 

[t^r^'^+V)]^ = 1 - n [t^r^'^+V]^ = ll^t\u)-\ J > 0. (3.55) 

i=0 i=0 

Direct substitution of (3.55) into (3.52) completes the proof of the lemma. ■ 
Now we compute both sides of (3.36): 
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T2 = - + ( 1 —) Tl + 0{Tl) mod Oh (3.56) 

Equations (3.41) and (3.44) imply [L^-,//] = H{Fj + F/Ti + ^(Tf)) e C^. Therefore, the 
operator Di in (3.36) has no negative powers of Ti, and hence, it is indeed of the form 
hjTi + Cj. 

Straightforward computations of the first two coefficients of [Lj, H\ give the following 
formulae ^ ^ 

c,- - ^ = Fj - t2F^ (3.57) 

- «i ~ = (tit2^i + (wtiM - l)t2Fj - (utiu) tiFj - tiwF/ + MtaF/) 

(3.58) 

From (3.39, 3.43) and (3.57) we get the equations 

CjU = {aj - hj) (3.59) 

and then 

Cj{utiu - 1) = titaFj + utiu (t2Fj - t^F^ - t^uFj + ut2F} - Fj. (3.60) 

In order to complete the proof of (b) it is enough now to show that the right hand side of 
(3.60) is zero. For that we need the following 

Lemma 3.7 The equations 

oo 

T:=-k+ {k^ - 1) XI = (tiV'")V' - V'"(tiV^), (3.61) 

hold. 

Proof. The expression for the leading coefficients of J-'j and J-'j follows from (3.48) and (3.50). 
In order to prove (3.61) we need to show that 

Fj = res, ([(t,r)^ - rM)] ^—^) = res, [(TiV'^) (£^ V') - r{T,jC^^)] ^—^j 

(3.63) 

From (3.50), using the relation (3.17), we see that the right hand of (3.64) is equal to 

resT {{C%-' - T-,a)(T, - T,-')-') = fi, - ti/_i,, (3.64) 
which proves (3.61). The proof of (3.62) is identical. ■ 
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Prom (3.61) and the equation Hijj = it follows that 

t2^= -^{(ta^'lMtiV^-MtsV^ + V^)} = -y^{(t2^"(Mti^ + V')}. (3.65) 

Here and below A{-} stands for the antisymmetrization of the corresponding expression with 
respect to the interchange of ip'^ and ip. 

In the same way we get 

tlt2^ = -AiiutiTjj" - Ut2^' + V'^)t?t2V'} = 

-{utiu)tiA{ij''{till: - t2^)} - Mt2^^ -Ailp^itiiutilp - Ut2lp + 

Further direct use of the equation Hip = and (3.65) finally gives the equation 

tit2^ + utiu (ti^ - t2^^ - tiuT^ + u t2T^ - ^ = (3.66) 

The proof of (6) is complete. The comparison of the coefficients at Ti in the left and the 
right hand sides of (3.32) gives 

dt.lnu = bj = t2Fj-Fj (3.67) 

Now we are going to prove (c) and derive the evolution equation for r. The left and 
right action of pseudo-difference operators are formally adjoint, i.e., for any two operators 
the equality (fc-^Pi) (©2^^) = k-"" (©1^2^'^) + (Ti - 1) (fc"^ (©3^^)) holds. Here V3 is a 
pseudo-difference operator whose coefficients are difference polynomials in the coefficients of 
T>i and T>2. Therefore, from (3.61) and (3.50) it follows that 

^0 = -A; - (Ti - 1) ^(A;2 - 1) ^ Qjk-'^ (3.68) 

where the coefficients of the series Q are difference polynomials in the coefficients of the wave 
operator $. Equation (3.68) implies that 

Fj = (1 - Ti)Qj = Qj - tiQj. (3.69) 

Taking into account the ansatz (3.29), we see that equations (3.35) and (3.69) are equivalent 
to one equation for the function r 

dt.lnr^Qj, (3.70) 

Remcirk 3.8 It is necessary to mention that the Qj are defined only up to an additive term 
that is invariant under T^. This ambiguity refl,ects the fact that the ansatz (3.29) is invariant 
under the transformation 

T{n,m) I — > f{m)T{n,m) 
where f{m) is an arbitrary function. 

Equation (3.70) completes the proof of the statement that equations (3.32) are well-defined. 
The proof of the statement that the corresponding flows on S commute with each other is 
standard. ■ 
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4 Bloch (quasi-periodic) wave solutions. 

To begin with let us prove the imphcation (^4) =4> (C) in the main theorem. As it was 

mentioned above this does not require the knowledge of the explicit theta-functional form of 
the function ip. For the first time an implication of this kind was proved in [1]. 

Throughout this section u — 0,1 and is considered as an element of the group Z2 — Z/2Z. 

Lemma 4.1 Let V e C^, and let t^{z) for n e N, G Z2 be two sequences of holomorphic 
functions on such that each divisor :— e : t^{z) — 0} is not invariant as a set 
under the shift by V , i.e. 7^ + V . Suppose that the system of equations (considered 
as a joint system for u — and v — 1, intertwining -0° and 

rn+i{z + V)- u^z) - rr^'iz + V)) - r^z) = 0, (4.1) 

where 

u-S.) = CrS^<^lpI) (4.2) 

nA - ^ (4.3) 



has solutions -0^ of the form 



where is a holomorphic function. Then the equation 

<XIK) r^^'K + V) r:_,{zl -V)+ r:+,« + V) r^^^ - V) r^tlK) 

= {<XIK) K^'K - V) + V)+ T„-+i« - V) Tl^\zl + V) Tlt\{zl)) C (4.4) 

is valid V n, Vz^ e T^^ . 



Proof. Let be the left hand side of (4.1). A priori it may have poles at the divisors 7^*^ 

and T^^i — V. The vanishing of the residue of at implies 



while the vanishing of the residue of at 7^1 ^ — V imphes 



-V)- - <(< K..l:'^%Jl,.^ (4.6) 



On the other hand, the evaluation of /^''"^ at the divisor — V implies 

r^xiK) - -v)^ -<(<) (4.7) 

'n+l K'^n) 'n l^n ^ ) 
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while the evaluation of at the divisor implies 

rn^\< +v)- ciKo = <«) .+if:lt^!^v (^-^^ 

The left-hand-side of the difference of (4.5) and (4.6) is the same as that of the difference of 
(4.7) of (4.8); equating the right-hand-sides of these differences yields (4.4). ■ 

Formulation {A) of our main theorem implies that the assumption of lemma 4.1 is satisfied 
for C = C3, 2; e and 

r!;^{z)=e{Un+{l-v)W + z) (cS''^^c^)'"' , (4.9) 

where / e O is a vector such that (/, V) — 1. Then from (4.4) for i/ = we get on the 
divisor , i.e. for e{Z) = e{z + ly) = 0, 

tI{z) tI{z + V) r'^,{z -V) + r'^iz + V) t^{z - V) r\{z) 
= clirliz) T^{z - V) t\{z + V)+ tI{z - V) tI{z + V) r\{z)) , (4.10) 

which upon substituting (4.9) yields, after canceling the common factors, 

c^cl e{z + u- w) e{z + v - w) e{z-u- v) 
+e{z + u + v)e{z -V -w)e{z -u -w) 
= cjcl e{z + u- w) e{z-v - w) e(z + v- u) 
+clcl e(z-v + u) e(z + v- w) e{z-u - w) (4.11) 

which is identical to equation (1.6) with the minus sign chosen for W (and correspondingly 
the constants Ci and C2 appearing in positive power). Similarly the case oi u = l,n = 
of formula (4.4) yield the plus sign case of (1.6). The imphcation [A] ^ (C) in the main 
theorem is thus proved. 

Let us now show that (C) can also be obtained as a corollary of a more general fourth 
order relation for Prym theta-functions. As it was mentioned above, in [7] it was proved that 
equation (1.1) implies the five-term equation (2.26). Note, that all the pairs of indices have 
sums of the same parity, i.e. equation (2.26) is in fact a pair of equations on two functions 
■0 defined on two sublattices of the variables {n, m) . 

The statement that ■0n,m satisfy (2.26) can be proved directly. Indeed all the functions 
involved in the equation are in 

H^{D + (n + l)Pt - (n - l)Pf + (m + l)P^ - (m - l)P^ + v{P^ - P^)) 

By the Riemann-Roch theorem the dimension of the latter space is 4. Hence, any five 
elements of this space are linearly dependent, and it remains to find the coefficients of (2.26) 
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by a comparison of singular terms at the points P^, P^. For n + m — mod 2) we get 



_ 2 2 
— CiC^ 



d{Zn,m + V) 0{Zn,m + U ' V + W) 
e{Zn,m - V) e{Zn,m + U + V + W)' 



~ ^ 2 ^ e{z,,,„, + u)e{z,,^^-u + v + w) 
^^^^^^ _ ^^^^^^ ^u + v + wy 

. ^ 2 2 ^(^n,r» + U) e{Zn,m + V) e{Zn,m - U - V + W) 

c,c, ^^^^^^ ^ ^^^^^^ _ ^^^^^^ + u + v + wy 

where ^n,m — Z + Un + Vm. Prom the normahzation of ■0n,m it follows that 

Substituting here (2.23) and (4.12-4.13) proves the following statement. 

Lemma 4.2 For any four points A, U, V, W on the image T ^ ^(r); o,nd any Z e 7^(r) 
the following equation holds: 



e{z + w)x[ e{A + u + v + z)e{z -u)e{z -V) 
-cjci e{A + u-v + z) e(z - u) e{z + v) 
-clc\ e{A-u + v + z) e{z + u) 0{z - v) 
+c\c\ e{A-u -V + z) e{z + u) e{z + v)] = 
^e{A + z)x[ e{w + u + v + z)e{z -u)e{z -V) 
-c\c\ Q{yv + u -V + z)e(z -u) e{z + v) 
-44 e{w -u + v + z)e{z + u) e{z - v) 
+44 e{w -u -V + z)e{z + u) e{z + v)]. 

(4.14) 

To the best of the authors' knowledge equation (4.14) is a new identity for Prym theta- 
functions. For Z such that 9{W + Z) = it is equivalent to equation (1.6) with minus sign 
chosen. The second equation of the pair (1.6) can be obtained from (2.26) considered for 
the odd case, i.e. for n + m = 1 mod 2. 

Wave solutions. In section 2 we proved that if 0{Z) is the Prym theta function, then 
equation (1.1) with u as in (1.2) has not just one solution ip of the form (1.4) but a family 
of them parameterized by points A in the image F 1 — > 'P(F) under the Abel-Prym map. 
Note, however, that formulation (C) of the main theorem does not involve A. The first step 
in proving the "only if" part of (C) (and thus also of (A) and (B), which imply (C)) is to 
introduce a spectral parameter in the problem, i.e. to show that equations (1.6) are sufficient 



25 



for the existence of certain formal solutions of equations (4.1). These solutions are functions 
of the form 

rn{z)^k^C^'''U';^{z,k), (4.15) 

where is a formal parameter (eventually to be identified with the local coordinate on the 
curve), (pni^j k) is a regular series in /c~^, i.e. 

oo 

and leC^is such that {l,V)^l. 

The ultimate goal of this section is to show that such solutions exist with being 
holomorphic functions oi z e defined outside the divisor d{z + Un + (1 — u)W) = ^. 
As we shall see below, an obstruction for the existence of such solutions is the "bad locus" 

where E'^ is the ^-invariant subvariety of the divisor Q + (u — 1)W that is not [/-invariant, 

_r yneZ e{Z + nV + {l-u)W)=0; \ 

3neZ e{Z + U + nV + {l-u)W) ^0 j ^ 

We will prove in lemma 4.10 that the bad locus is empty, but until then we construct the 
wave solutions with the desired properties only along certain affine subspaces of C^; then we 
will patch these together. ^ 

Notations. Denote n : ^ X — C^/A the universal cover map for X. Let Y be 
the Zariski closure of the group (ZV) G X. As an abelian subvariety, it is generated by 
its irreducible component Y^, containing 0, and by the point Vq of finite order in X, such 
that V — Vq e A^Vo = Aq G A. Shifting Y if needed, we may assume, without loss of 
generality, that is not in the bad locus E. Since any subset of Y that is invariant under 
the shift by V is dense in Y, this implies that y n E = 0. 

We denote C :— 7r~^(y). Then C is a union of its connected component passing through 
zero (which is a hnear subspace V = C C^) and shifts by a preimage of a vector of finite 
order, i.e. we have C = Urez(V + rVo). Denoting then Aq := A fl C we have Y — C/Aq, and 
we can also write Aq = Aq + ZVq, where Aq := A fl V. 

In what follows we assume that t^{z) are non- vanishing identically holomorphic functions 
of the variable z & C having the following factors of automorphy with respect to Aq: 

r^(z + A) = r^{z) e(^'«A)+n/3A+^X (4_lg) 
where ax, independent of n, and we define for further use 

6- := e^^+"'A-<^\ (4.19) 
This means that u'^X^) given by (4.2) is a section of some degree zero line bundle on Y. 

^In [15, 16, 17] the corresponding solutions were called A-pcriodic reflecting the normalization leading to 
their definition. The idea of that normalization goes back to [20] . 

^Thc locus E is an analog of singular locus considered in [28]. The authors arc grateful to Enrico Arbarello 
for an explanation of its crucial role, which helped them to focus on the heart of the problem. 
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Proposition 4.3 Suppose equation (4.4.) for r!^{z) holds. Then equations (4-1) with poten- 
tials u'^{z) given by (4-2) have wave solutions of the form (4-15) such that 

(i) the coefficients ^{z) of the formal series (f)n{z, k) are meromorphic functions of the 
variable z E C with a simple pole at the divisor , 

Xz) = , (4.20) 

where t^^{z) is a holomorphic function (the shift from v to is only for notational 
ease to simplify further formulas), and 

<o(^)=<-iW- (4.21) 

(a) Each of the individual terms in the power series expansion of (f) have the following 
automorphy properties (note we are not yet making any claims regarding (f) as a whole) 

s 

b^uA^ + ^) - = E Btn-s+iCn,s-^iz), (4-22) 

i=l 

for any A G Aq (notice that the coefficients depend on i and in a sort of diagonal way 
on n, but do not depend on v, which will be important for the future computations). 



Proof. Writing down the equation for ijj in terms of the power series expansions in A; and 
equating coefficient of k~^ to zero (i.e. substituting (4.2,4.15,4.16) into (4.1)) yields 

CC+M+i(^ + V)~ Kiz) (Ct+i(^) - CCs'i^ + + C(^) = 0- (4-23) 
For s — —1 equation (4.23) is satisfied with t^q given by (4.21), i.e. with 

(4.24) 

We will now prove the lemma by induction in s. Let us assume inductively that for r < s — 1 
the functions in,riz) are known, for all n and u, and satisfy the quasi-periodicity condition 
(4.22) above — it is customary in the subject to call such solutions Bloch solutions or Bloch 
functions. 

The idea of the proof of the inductive step is as follows. We write down the equation 
relating r^^^^ (we are using n + 1 instead of n solely for the ease of notations — recall 
that the inductive assumption is for all n) to the r for smaller values of s (which we know 
inductively to exist and be holomorphic). From this equation we then get an explicit formula 
for T^_,_i^_,_i on the divisor T^, i.e. for t^{z) — 0. We also get an exphcit formula for T^_^_i^g_^_^ 
for z such that t^{z + V) = 0, which after translating the argument gives another formula 
for T^_^_i on the divisor . Once we verify that the two resulting formulas agree (this is 
a hard computation using the step of the induction), it will follow that t^_,_^ restricted to 
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is in fact holomorphic and thus can be extended from this divisor holomorphically to C^. 
We now give the details of this argument. 

Writing down equation (4.23) in terms of r's for arbitrary s, and clearing denominators 
yields 

-C^<M^^VnXl^^) + <+i(^ + ^)C(^)=0 (4.25) 

These equations can be easily solved on the divisor T^. Indeed, if we take z = z^^^T^ here, 
the first term will vanish, and we get the following formula 

Cr^-,i,s-.M rrH< + ^) ■ ^ ^ ^ 

Alternatively, using equation (4.25) for i/ + 1 instead of u and setting z — z^ — V, for z!^ e 
as above, we get 



^^n+i,s+i[^n) = ZZ^T7Z7. —\ ■ (4-27) 



For r^_,_i^5_,_x to have a chance to exist, these two expressions have to agree. 

Lemma 4.4 If the inductive assumption (and the conditions of the proposition, in particular 
formula (4-4)) satisfied for s, then the two expressions above for the function t^+i,s+i(-z) 
restricted to the divisor are equal. 



Proof. Equating the two expressions obtained for T^j^^^^gj^-^ on T^, we see that what we need 
to prove is the following identity 

= C'«)<+i« + VK^'K -V)- CXsK + VKtliz^K^'iz: - V). (4.28) 

To prove that this is the case, we will use the inductive assumption for n — 1, s — 1, and 
equation (4.4). Indeed, for n — 1, s — 1 equation (4.25) reads 

CtZ\z + VK_,{z) -Cr^lliz + \/)r;,(z) 

By the inductive assumption we know that this is satisfied. If we now take z — z^ — V , i.e. 
set T^{z + V) — here, we get 

^n-l,.-ll^nJ - T-+\Z-^ - V) 
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Similarly, if we instead take the equation with u + 1 instead of and take z — z'^, we get 



'^n-l,s-l\'^n) ~ 



Since we inductively assumed the existence and uniqueness of t^_i ,g_i, these two expressions 
must agree, which is to say that we have the following identity 

- C''<t^«)r:_i« + l^)rr^« -V)- CXsK + VKllizX^'iz: - V) (4.29) 

Notice now how similar this known identity is to formula (4.28) that we need to prove. 
Indeed, the coefficient of t^'^^{z^) in (4.28) is equal to 

- +v)- Ti^,{zi + i^)rr^« - V). 

Now using formula (4.4), which we know holds for r, we see that this coefficient is equal to 

- + y) - rr^« + ^)<_i« - V)) (4-30) 

Substituting this expression into (4.28) is equivalent to the identity 

{rV-\zl - V^)<_,« + F) - C\l^\zl + !/)<_,« - V^)) (4.31) 

= <M - vKtlKK^'K + v)- cXsK + vKtlizX^'iz: - v). 

Multiplying this identity by Zi\ " yields formula (4.29), which we inductively know to 
hold. Thus formula (4.28) holds, and the lemma is proven. ■ 



Lemma 4.5 The function 7'^+i,s+i(-Zn) given by (4-^6) and can be extended to a holo- 

morphic function on the entire divisor T^. 



Proof. The expression (4.26) for r^_,_i^5_,_i(-2^) is certainly holomorphic when t^^^(-2^ + V") is 
non-zero, i.e. is holomorphic outside of fl {T^~^^ — V). Similarly the expression for t^_|_]^^_|_]^ 
given by formula (4.27) is holomorphic away from T^!^ fl (X^'^^ + V). 

We have assumed that the closure of the abelian subgroup generated by V is everywhere 
dense. Thus for any 2;^ e there must exist some N eN such that z'^^ + (iV + 1)V ^ X^'^^; 
let N moreover be the minimal such A^. From (4.26) it then follows that r^^^^ can be 
extended holomorphically to the point z'^ + NV. However, by lemma 4.4 we know that 
the expressions (4.27) and (4.26) agree. Thus expression (4.27) must also be holomorphic 



29 



at + NV] since its denominator there vanishes, it means that the numerator must also 
vanish, i.e. we must have 

CtZ\zI + iVV)<+i« + {N- l)V) - + {N- IWKXIK + NV) = 0. 

But this expression is equal to the numerator of (4.26) at z^ + {N — 1)V; thus t^+i_s+i defined 
from (4.26) is also holomorphic at 2;^ + (A^ — 1)V (the numerator vanishes, and the vanishing 
order of the denominator is one, since we are talking exactly about points on its vanishing 
divisor). Thus unless N — we have a contradiction, since N was chosen minimal. For 
N — 0, however, z^ + V ^ X^'^^: ^^'^ thus (4.26) defines r^+i^s+i holomorphically at z^. ■ 



Recall now that an analytic function on an analytic divisor in has a holomorphic 
extension to all of ([27]). Therefore, there exists a holomorphic function t^^+is+i(-2) 
extending the function given on the divisor by the r.h.s. of (4.26) (by the above lemma, 
it is holomorphic, and thus the extension is holomorphic). It is then natural to attempt 
to use the function := r^+i 5_|_i/r^_|_i for the proposition, but this cannot be done 

immediately, as such an extension does not need to be quasi-periodic, nor is going to be a 
solution of equation (4.23). We will thus need to adjust this extension appropriately. 

We start by determining the quasi-periodicity properties: indeed, for 2;^+^ e '^n^^^ where 
we know that r^l^^^i is given by (4.26), we have 

~ 1/ ( u+l\ u+l ( u+l , Y\ 

Cn+l s+liC) = -CCnsiC + \, 7r\ : . ^1 W (4-32) 

from which by using the quasi-periodicity of r„ (4.18) and that of t„^s (4.22), it follows that 

\ i=l / 



(4.33) 



since the 6*^^^+^'"^^+*^^"+-'^^'^^ factors for the second term of (4.32) coming from (4.18) cancel 
in the numerator and denominator, and the remaining e^'^A ~'^^x cancels with b'^/b'^^. We 
now note that the terms in the r.h.s. split in pairs similar to those in (4.32) and we can thus 
simplify this to get 

s 

— ^xCn+l,s+li^n^^ + A) — Cn+l,s+li^n^^) ~ ^i',n-s+iCn+l,s+l-i{^n^^) (4.34) 

1=1 

This says that the function on the right-hand-side here — denote it by g^''Xi^g_^_i (z) — vanishes 
for z — z^^ e T^n^^ has a pole for z e Using formula (4.24) for ^^q, we can then 

write 

9n+l,s+l{^) — /n+l,s+l(^)Cn+l,o(^)' 
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where f^!^i^g_^i{z) is now holomorphic, and satisfies the twisted homomorphism relations 

= fn';i,s+,{z + H) + (4-35) 

We only know the function ^ to have the desired quasi-periodicity on the divisor and 
would now like to adjust it so that the corrected function would have computable quasi- 
periodicity for all z. To achieve this, we need to add to ^ a summand involving /. 

Indeed, / defines an element of the first cohomology group of Aq with coefficients in the 
sheaf of holomorphic functions, / G Hg^{AQ, H^{'C^^ (9)). The arguments identical to that in 
the proof of part (b) of Lemma 12 in [28] show that there must then exist a holomorphic 
function (2;) such that 

fn+i,s+i{z) = K+i,s+i{z + A) - + (4.36) 

where E'!^^'^^ is a (2;- independent!) constant. By using equation (4.35) we observe that E 
depends on A linearly, i.e. that 

We then define 

Ct+l,6-+l(^) '■— ^n+l,s+l{z) ~ ^n+l,s+l(^)'Cn+l,o(^)- 

Using (4.24) and (4.18), we first compute 



(4.38) 



and then compute the quasi-periodicity 

KCn+l,s+liz + A) - C+l,s+l(^) = (^aC+1,s+i(^ + A) - C+l,s+l(^)) 
-bx^n+hs+li^ + ^)Cn+l,oi^ + X)+ ^n+l,s+l(^)Cn+l,o(^) 

— (^9n+l,s+l{z) + S -^i>-s+iCn+l,s+l-«(^)^ + (-^n+l,s+l ~ /n+l,s+l(^))Cn+l,o(^) 

~ -^n+l,s+lC+l,o(^) + S ^i,n-s+i^n+l,s+l-iiz) ■ (4.39) 



i=l 



Now we have constructed a function ( having the correct quasi-periodicity properties (though 
the first coefficient depends on i/, so we'll need to deal with this below) but we still cannot 
take it to be the function that we are trying to define, as it may not satisfy the 

equation (4.23). We thus define R^+is+i to be the "error" obtained by plugging ( into 
(4.23): 

K\m+i(^)C+i,o(^ + ^) ■■-CQ^,^,^,{z + V)-u:{z) {Qtl+^{z)-CCr:s\z + V))+CA'). 

(4.40) 
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Notice that for this to make sense we need to assume that we have been doing all of the 
above computations simultaneously for v and + so that indeed both C's above are defined 
at this point. 

Prom the previous lemma we know that the r.h.s of this formula has no pole at 
and vanishes at T^J^^^ — V ^ and thus R^+i s+i ^ holomorphic function of z. We can use 
(4.22,4.39) to compute the transformation properties of R under a shift by a vector A £ Aq. 
Indeed, using (4.18) to compute h'{u''^{z + A) = u^^{z)}f^^ , and using (4.38) for the l.h.s., we 
get, shifting by A and multiplying by and subtracting the original function, 

+ A) - K+i,.+i(^)) C+i,o(^ + V) (4.41) 

s 
1=1 

( 

\ i=l 

s \ * 

~^ E ^i,n-s+i^nts-ii^ + ^) j + E ^i,n-s+i^n,s-ii^) ■ 
i=l / 1=1 

Now note that for each constant B^^_g_^_^ in the above expression the function it multiplies 
is exactly the r.h.s. of (4.23) for n and some j < s, and thus vanishes identically (this uses 
in a crucial way the fact that S's do not depend on u). Using the formulas (4.2,4.24) for u'^ 
and Cn+1,0, we get 

-^n+i,s+i(^ + A) - R^_^_i^g_^_^{z) = C{E^'^^^g_^_^ - E^'^^j_^_^). 
Moreover, by (4.37) we know that the E's are linear functions of A, i.e. that 

771^:*^ _ JT'^<'^+^ — OP^ (W 

for some linear function £; note that C+is+il-^) = It then follows that the 

difference i? — 2£ is periodic with respect to shifts by Aq, and is thus constant, i.e. we have 
then 5_,_i(2;) = 2Ci':^j^i^gj^i{z) + 2/1''. We can now introduce one last correction and 
finally define 

C+M+i(^) C+M+i(^) - (C+M+i(^ - V/2) -rA^-r l{z))Cn+i,o{^), (4-42) 

where l{z) is a hnear function such that 1{V) ~ -\- A^^^. These functions are going to be 
solutions of (4.23); indeed, the new error term is equal to 

<+i,.+i(^)C+i,o(^ + V)- (C+M+l(^ + V/2) + + l{z + VMn+i,,{z + V) 

+<(^)(Ct+i(^ - ^/2) + A^""' + mCnfiM 

= iUifi{z+V){Rl^,^,^M-Q+i,s+i{z+V/2)-A^-l{^^^^ 
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= c+i,o(^ + ^)(2c+i,s+i(^) + 2^^^ - c+i,s+i(^) -A^- m - c+i,.+i(^) + A""-"') = 0, 

where we used the definitions (4. 2), (4. 21) and definitions of /, and A. 

We now need to check that the functions ^ satisfy the quasi-periodicity conditions (4.22). 
Prom (4.38,4.39) it follows that 

K^n+l,s+l{^ + A) - = (-^n+l,s+l ~ ^n+l,s+l{^) " K^)) C+l,o(^) 

s 

"I" -^j,n-s+i^n+l,s+l-i('^)' 
i=l 

which means that the function ^.^^ satisfies the quasi-periodicity condition (4.22), if we 
take 

(notice that this does not depend on as required in formula (4.22). Observe that the 
B we construct is going to depend on the choice of the linear function We have 

thus constructed a quasi-periodic solution for s -|- 1 and proved the inductive step of the 
proposition. ■ 



Corolleiry 4.6 For ^^^^ and fixed, the solutions of (4.23), for both v and v -\- 1, are 
unique up to the transformation 

^ en+i,.+i(^) + (c + /(^))C+i,o(^) (4-43) 

where c is a constant, and I is a linear function on C such that liV) — 0, both of them 
independent of v. 



Proof. This follows by tracing the ambiguity of the choices involved in the proof of the 
above lemma. Alternatively, one can prove this directly by investigating the quasi-periodicity 
properties of the difference of two solutions of (4.23). ■ 

To fix the freedom of choosing ■Cn+i.s+n would now like to fix the quasi-periodicity 
condition to be the same for all n, and to be as simple as possible. Similarly to the case of a 
non-degenerate trisecant treated in [17], there may be a problem here in that the functions 

may turn out to be periodic (in our case by "periodic" we should mean &Aj Cn,s(-^ + \ ) ~ 
^nsi^))- Similarly to the situation in that paper, note that the space of periodic functions 
with a pole on the divisor is the space of sections of some line bundle, and thus finite- 
dimensional. Since all divisors differ by shifts, there is an upper bound on this dimension 
independent of n and v. 

It then follows that the functions for n fixed, and s and v varying, are linearly 
independent. Indeed, suppose that there were some linear relation among them, with the 
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maximal value of s involved in this relation being equal to S. But then solving equations 
(4.23) with 1/ and with i/ + 1, allows one to express g in terms of and ^^1ilg_i, 

and thus obtain a linear relation among the ^'s with index n — 1, and maximal s being equal 
to 5* — 1. By downward induction, we can get to = and get a contradiction with the 
fact that Q 7^ and is not proportional to Cn^)^- Note, moreover, that if for some s the 
function is not periodic, this would mean that some B is non-zero, and thus could 
not be periodic for any i > 0, as the term in (4.22) with this non-zero B would be linearly 
independent with all the other terms on the right-hand-side there. 

Lemma 4.7 Let Aq, \i, . . . , \d be a set ofC-linear independent vectors in Aq. Suppose equa- 
tions (4-23) have periodic solutions for i < r (and any n and p), i.e. that there are some 
E'^^{z) such that 

&a,s;,(^ + a,)-h;,(^) = o 

for all i < r, all n and v, and such that S^q = is given by (4-24)- Suppose also that 
there are quasi-periodic solutions with 

blBl,{z + A,) - ^l,{z) = A.CnA^) Vj = 0, . . . , d, (4.44) 

for all n, where Aj are some constants such that there does not exist a linear form I on C with 

— * 

l{\j) = Aj, and liV) = (i.e. such that the scalar product of the vector A = {Ai, . . . , Ad) 
and V is non-zero). Then for all s >r, and alln and v equations (4-23) have quasi-periodic 
solutions satisfying (4-22) with B^^^ = AjSi^r, ^-c there exist functions Cn,s('^) /^^^ s >r, 
all n and v such that 

b^il^z + A,) - C,.(^) = A,il^,_Xz). (4.45) 

(Note that we do not necessarily have Cn,i(-2) = '='n,i('^) ^^"^ ^ ^ ^7 but they satisfy the same 
quasi-periodicity, and solve the same equation (4-23).) Moreover, such Cn,si^) '^'^^ unique up 
to adding Cn^sCn,oi^)> '^^^^ ^n,s being a constant dependent only on the remainder ofn modulo 
r. 



Proof. We prove the lemma by induction in s, starting with s — 0, with the inductive 
assumption being that functions satisfying (4.23) and the quasiperiodicity condition 
(4.45) have been constructed for all n and z/, for alH < r + s, that they are "periodic" for 
i < r, and that moreover .^^^(-z) := 'E'^i{z) for i < s (so that the inductive assumption for 
s = is the assumption of the lemma). 

From (4.43) we know that there must exist solutions (4.23) for all n and u, 

with quasi-periodicity 

feA,C,.+.+i(^ + A,-) = ^,S;,+i(^) + si:.H..+iCo(^), (4.46) 

where B are some new constants. The idea now is that we will adjust all the 'En,s+i 
< i < r to another set of solutions of (4.23) with the same quasiperiodicity, so that 
En^s+r+i satisfying the quasi-periodicity condition (4.45) would exist. 
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Indeed, suppose we take $,!;l_^i g_^_i{z) := SJ^.^^ + Cn+i,s+i^n+i,Qiz) some constant 

Cn+i^s+i, independent of u (if we added l{z)Cn_^_l Q{z), the quasi-periodicity of C^^i g^i{z) 
would no longer be the same as that of E'|!^_^_l^g_^_l{z)) . If we make such a change, we also need 
to add something (let's call it f^{z)), to 'E^^^2 s+2i.z) ^ so that (4.23) is still satisfied. Since 
the S's themselves satisfied (4.23), the corrections we introduce must also satisfy it, i.e. we 
must then have 

Cnz -rV)- ul^,{z) {r\z) - Cc„+i,,+iC:},o(^ + V)) + c„+i,,+iC+i,o(^) = 0, 

and the same for v -\- 1. However, this is exactly the equation (4.23) that is satisfied by 

Cn+iS^ij^2.i{z)-i "thus it follows that f^{z) — Cn-^i,s-\-\^n+2ii.z) would work. Similarly we 
need to add Cn+i^s+i^'^+i+i i{z) to each "S^^^^^i s+i+i{z)i so that all of the equations (4.23) are 
satisfied. Finally in this way we will see that the necessary adjustment of in+r+i,s+r+i 
be 

where we will now need to allow the presence of a linear term to make the quasi-periodicity 
be (4.45) as desired. Prom (4.46) and (4.44) we can compute the quasi-periodicity to be 

^\j^n+r+l,s+r+l{z + -^j) ~ "n+r+l,s+r+l (^) 
— ^j^n+r+l,s+l{z) + (^-^n+r+l,s+r+l + Cn+l,s+l^i + ln+r+l{^i)^ Cn+r+l,o(^) 
^ ^jCn+r+l,s+l(^) + {Pn+r+\,s+r+l + (Cn+l,s+l " C„+r+l,s+l)^j + ln+r+l{^j)^ Cn+r+l,o(^)- 

For this to be the desired property (4.45) we must have 

-^n+r+l,s+r+l + (Cn+l,s+l ~ C„+r+l,s+l)^j + ^n+r+l{\) = Vj = 0, . . . , 0?. 

For fixed n, this is a system of linear equations for the difference of the constants Cn+i^s+i — 
Cn+r+i,s+i and the coefficients of the linear form /. Recall that / can be chosen arbitrary such 
that l{y ) = 0, i.e. if Aq 7^ then the coefficients of / span the ((i)-dimensional space, in which 
by assumption A does not lie. Thus the rank of the matrix of coefficients is 0? -|- 1, and this 
system of 1 linear equations has a unique solution. If Aq = then the dimension of linear 
forms I is d, but periodicity condition for Aq is trivially satisfied. The inductive assumption 
is thus proven; note that as a result we are able to fix the differences Cn+i,s+i — Cn+r+i,s+i, 
and thus the constants only depend on the remainder of n modulo r. ■ 



Prom local to global considerations. Until this point, we have only been working on 
C, under the assumption that for all n the functions t^{z) do not vanish identically. For 
given by (4.9) that is equivalent to the assumption that t/n ^ S for all n. We now observe 
that if a vector Z e is such that Z -|- C/n ^ E for all n, then by the same arguments we 
can construct wave solutions along the shifted affine subspaces Z + C G C^. Since all the 
constructions are explicitly analytic, if we perturb Z (while still staying away from "E — Un), 
the solutions constructed along Z + C will change holomorphically with Z. Of course such 
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solutions can only be constructed locally, while globally there may be a choice involved, and 
we may thus have a monodromy for this choice as we go around 12 — Un. Thus we cannot a 
priori expect ^n,s{Z + z) (for 2; e C, Z e to be a global holomorphic function of Z. 

Note that for fixed n the functions ^^^^^ gj^i{Z + z) exist if Z + nU ^ S, and g_^{Z + z) 
exist for < i < s. Let us pass now from local to global setting. In this setting the recurrent 
equation (4.23) takes the form 

CC+i(^ + [/ + y) - u^{Z) (CstKZ + U) - Cer^(Z + V)) + C(^) = 0. (4.47) 

with 

where ^ 

t''{Z)^0{Z + {1- iy)W) (c[^'' ^^cf ' , (4.49) 

and h, I2 are vectors such that li{V) = hiU) = 1, li{U) = hiV) ~ 0. In these notations the 
arguments in the proof of proposition 4.3 yield 

Proposition 4.8 If equations (1.6) are satisfied, then: 

(i) for Z ^ U^o(^ ~ ^U) there exist functions Tg{Z + z), < s < N , which are local holo- 
morphic function of Z and global holomorphic function of z & C, such that equations 
(447) hold for C(^) = t^+^Z)/t%Z), with t^{Z) = t''{Z - U) (this is (4.24). 

(a) The functions satisfy the monodromy relations 

s 

blCsiZ + Z + X)- CsiZ + z) = J2 B^Z) iUiZ + ^) , A e Ao (4.50) 

i=l 

(Hi) If is-i is fixed then is unique up to the transformation 

+ Z)^ UZ + z) + {c,{Z) + h{Z, z))^o, (4.51) 
where ls{Z, z) is a linear form in z such that ls{Z, V) = 0. 

Lemma 4.9 Let r be the minimal integer such that ^1, ...,^^-1 ^'^^ "periodic" functions 

of z with respect to Aq, and such that there is no periodic solution of (4-4'~f)- Then the 
inductive assumptions of lemma (4-7) are satisfied, i.e. the quasi-periodicity coefficients 
B^{Z) in (4.50) do not depend on Z or i — s. 



Proof. By assumption $,^_i{z) is "periodic", i.e. we have 

r-l 

= h\C-AZ + ^ + A) - e_,(Z -rz)^Yl ^'(^) ^r-UZ + z) 

1=1 
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However, as it was noted above, the functions r]', for < s < r — 1 (recall that if not, 
by applying (4.47) we could produce a linear dependence having only one term, which is 
impossible), which means that all the coefficients Bf' are zero for all i < r — 1. Thus the 
monodromy of the next function is given by 

b'iCiZ + z + \)- CiZ + z)^ B^{Z)il{Z + z), 

where we of course know .^q explicitly, and is a local function of Z defined locally for 

r-l 

z ex\[j{i:-iv) 

From lemma 4.8 wc know that the only ambiguity in the choice of the solutions ^nri^) 
given by (4.51). Recall that adding a linear function multiple will change the equation to be 
satisfied, while adding a constant multiple does not change the quasi-periodicity properties, 
so that finally B^{Z) is independent of the ambiguity, and is well-defined as a holomorphic 
function of Z G X'. Since the locus E C X is of codimension at least 2, by Hartogs theorem 
the function B^{Z) can be extended holomorphically to all of X. Since X is compact, this 
means that B^{Z) is a constant, which we can denote Ax for the inductive assumption of 
lemma 4.7. If we had A-V = 0, then by a transformation (4.43) with a suitable linear term 
we could get a new solution with Ax^ = for i = 0...d, i.e. the function ^^A^^^ could be 
made "periodic" , contradicting the way we chose r. ■ 



Lemma 4.10 In the setup of our construction the "bad locus" S is actually empty, i.e. if 
equation (1.6) (part (C), the weakest assumption of our main theorem) is satisfied, then 
E = 0. 



Proof. The proof of this lemma is analogous to the proof of the similar statement for the 
fully discrete trisecant characterization of Jacobians treated in [17], once we first prove that 
EO = El. 

The only ambiguity in the definition of t{'(Z) is in the choice of the coefficient Ci in (4.51). 
Suppose there exists a point A e E° \ E\ i.e. such that 9{A + NV) ^Q = e{A + NV + W) 
for some N . Then locally near the point A + NV choose some holomorphic branch of the 
function ^\{Z) = t^{Z)/t^{Z). Doing this fixes the value of ci{Z) for all Z near A + NV. 
However, since the ambiguity in the choice of C,i{Z) = tI{Z)/t^{Z) is given by the same 
function Ci{Z) (which did not depend on i/!) it means that for Z in a neighborhood of 
A + NV, but away from E°, we also have a fixed choice of i\{Z), and thus also of the 
holomorphic function tI{Z). Since E° has codimension at least 2 in X, the function tI{Z) 
can thus be extended to all points in a neighborhood of A, which is a contradiction. Thus 
we must have E° C E^, and of course by symmetry they are in fact equal. 

We now prove in the same manner that E = E + rU : above we used the fact that in 
(4.51) Ci is independent of u, and now we will use Ci(Z) = ci(Z + rU). Indeed, suppose 
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we have ^4 e (E — rU) \ S. This means that in a neighborhood of p we can choose locally 
holomorphically the function t{'(Z), i.e. chose a local holomorphic branch of C\{Z). However, 
since Ci{Z) = ci{Z + rU), this also fixes the choice of Ci in a neighborhood of the point 
p + rU, and thus in a neighborhood of p, outside of E — rU, we have a holomorphic function 
{Z + rU) , which now can be extended across E — rU, which we know to be of codimension 
at least two. This constructs a solution t^{A + rU), which contradicts the assumption 
A e (E-rC/). 

Since by definition E has no subset invariant under a shift by C/, this implies that either 
E is empty, or r > 1. Suppose now that E is non-empty, so r > 1. Recall that we have 
T^[Z) = T^iZ-U) = e{Z + {l-iy)W-U)const, and thus since E^ = E^ we have t^\e+u = 0. 
Thus for any Z E + U, for s = 1 the last two terms in (4.47) vanish, yielding 



However, this is exactly equation (4.47) for s = 0, which is solved by , and thus all periodic 
with respect to Aq solutions are constant multiples of ^q. By using (4.51) wc can subtract 
this constant, and get a solution such that ^J'(Z-|-t/) = Ofor any Z e E + t/, i.e. we have 

|s+2t/ = 0. 

Now we can repeat this process: indeed, for s = 2 and Z e E + 2U the last two terms in 
(4.47) have ^'^{Z + V) and appearing, and thus vanish, so that as a result we see that 

^2 on E + 3U is a constant multiple of . By using (4.51) again, we can make this multiple 
to be zero again. Repeating this a number of times, we will eventually get ^^-ils+rc/ = 0. 

Since E = E + rU, we also have r^ls+rU — 0, and thus for Z G E + rU and s — r — 1 
the last two terms in (4.47) vanish to the second order — both factors of each summand 
vanish. Thus ^'^ can be defined in a neighborhood of E + rU = E as a holomorphic function 
vanishing on E + rU. However, this implies in particular that b\^^{Z + \j) — i^{Z) = for 
Z e E and any Xj e Aq, which contradicts the assumption that could not be periodic. 
The lemma is thus proven. ■ 

As shown above, if E is empty, then the functions can be defined as global holomorphic 
functions of Z e C^. Then, as a corollary of the previous lemmas we get the following 
statement. 

Lemma 4.11 Suppose (1-6) for 0{Z) holds. Then there exists a pair of formal solutions 



kC(t)''{Z + U + V,k)- u''{Z){k(P''+\Z + U,k)- CcP^+^Z + V, k)) - (p-'iZ, k)^0, (4.53) 



CCiiZ + U + V)- u''{Z)il+^{Z + [/) = 



oo 




(4.52) 



s=0 



of the equation 



with C — cs and 



u'^iZ) 



r^+^Z + U) T^+\Z + V) 
T''{Z +U + V)t\Z) 



(4.54) 



where is given by (4-49), such that: 
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(i) the coefficients of the formal series (f)'^ are of the form isi^) ~ '^s^^{^)/'^^{^)y 
where Tg{Z) are holomorphic functions; 

(a) (p'^{Z, k) is quasi-periodic with respect to the lattice A and for the basis vectors Xj in C 
its monodromy relations have the form 

0^(Z + A,) = (l + ^A.O</''(^,^), i = (4.55) 

where A\. are constants such that there is no linear form on C vanishing at V, i.e. 
l{y) — 0; and such that l{\j) — A\.; 

(Hi) (f)^ is unique up to the multiplication by a constant in Z factor. 

5 The spectral curve 

In this section we finish a proof of the fact that condition (C) of the main theorem charac- 
terizes Prym varieties. Indeed, in the previous section we showed that if (C) holds, some 
quasi-periodic wave solutions can be constructed. In this section we show that these wave so- 
lutions are eigenfunctions of commuting difference operators, and identify X with the Prym 
variety of the spectral curve of these operators. Much of the argument is analogous to that 
in [16]. 

The formal series 4>''{Z,k) constructed in the previous section define a wave function 

^ = '0nm(A;) := k''(l)''""^(nU + mV + Z,k). 

This wave function determines a unique pseudo-difference operator C such that Cip = kip 
(the coefficients of this C can be computed inductively term by term); we note that the 
ambiguity in the definition of (t>^{Z) (it is only defined up to a factor that is Ti-invariant) 
does not affect the coefficients of the wave operator. Therefore, its coefficients are of the 
form 

oo 

£ = ^ + nC/ + mV) Tf ^ (5.1) 

s=-l 

where w^g{Z) are well-defined meromorphic sections of line bundles on X with automorphy 

properties given by (4.19). 

As before, we define functions Fj by formula (3.63), i.e. we set 

:= resT {{C^T^^ - T,a){T, - T{^)-^) 
The definition of ip implies that these functions are of the form 

Fj = F/-"^(Un + Vm + Z) (5.2) 

where F^[Z) are meromorphic functions on X. 
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Lemma 5.1 There exist vectors Vm = {Kn,fc} £ and constants e C such that 

F-{Z) -vj + ^^ (inr'^(Z) - \nr''^\Z+U)) . (5.3) 

Proof. Consider the formal series iIj" given by (3.50). It has the form 

^^^^ = A;-"0^''^"''"(C/n + Vm + Z, k), (5.4) 
where the coefficients of the formal series 

oo 

r'^{Z,k) = J2L^'''(Z)k-^ (5.5) 

are difference polynomials in the coefficients of 0^ and 0^+^. Therefore, we know a priori 

that ^'^''^(Z) are meromorphic functions, which may have poles for Z G T", Z G T'^'^^, or for 
Z on the translates of these two divisors by integer multiples of U. We claim that in fact 
these coefficients are of the form 

= (6.6) 

where t^''^{Z) are some holomorphic functions, i.e. that they only have simple poles at T'^. 

Indeed, we showed in section 3 that -0'^ solves the equation Hip"' — 0. In section 4 we 
deduced from the statement (C) of the main theorem the fact that i/j" may only have a 
simple pole on T". By replacing ijj'^ by ip'^'", and replacing U by —U we get from statement 
(C) functional equations for r/'*^ and in the same way deduce also that ip'^'^ only has pole 
at T'^. 

Equation (3.61) then implies that JFJ are the coefficients of the formal series 

oo 

-k + {k'^ - 1) XI ^/(^) = k-^<P'''''^\Z + U, k) (P%Z, k) - kcP'^'^Z, k) 0"+^(Z + U, k) (5.7) 

It thus follows that F-'{Z) have simple poles only at the divisors and T'^+^ — U — these 
are the only possible poles of the right-hand-side. Moreover, equation (3.69) says (recall that 
ti is shifting the variable n, i.e. adding U) that there exist meromorphic functions such 
that ^ 

F/(Z) = g/(Z) - Q/+i(Z + U). (5.8) 

We know a priori that Qj may only have poles at T*^ and — U . However, if there were 
a pole at T'^^^ — U, it would then mean that Q^j^^iZ + U) would have a pole at - 2U, 
and since by our initial assumptions U was not a point of order two, this is impossible. Thus 
Qj has simple pole only on T", as desired for the expression (5.3) for Fj to be valid. The 

functions Fj are abelian functions. Therefore, the residue of Q'^ is a well-defined section of 
the theta-bundle restricted T^, i.e. 
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It is know that the later space is spanned by the directional derivatives of the theta function. 
Thus we see that there must exist some vector Vj" e O such that Qj — (^d\aT''{Z)/dVj'') 

is a holomorphic function. The periodicity of with respect to the lattice implies that 
Vl" = T//+\ and thus (5.3) holds. ■ 

Consider now the linear space spanned the functions {Fj{Z), j — 1, . . .}. From (5.3) we 

see that there are only g + 1 parameters involved in determining Fj, and thus this space is 

at most g + 1- dimensional. Therefore, for all but g := dim {Fj {Z)} — l<g positive integers 
j, there exist constants Qj such that 

i-i 

F^{Z) = co,, + J2^^,JFriZ). (5.9) 

i=l 

Let / denote the subset of integers j for which there are no such constants. We call this 
subset the gap sequence — the corresponding Fj form a basis. 

Lemma 5.2 Let L he the pseudo-difference operator corresponding to the quasi-periodic 
(Bloch) wave function ip constructed above. Then, for the difference operators 

Lj := Lj + J2 Ci,jLn-i = 0, Vj ^ I, (5.10) 

1=1 

the following equations are satisfied with some constants Ugj : 

oo 

Lj -0 = aj{k) i/j, aj{k) = A;^' + ^ asjk^'^ (5.11) 

s=l 

Proof. From the proof of Theorem 3.5 we get 

[Lj, H] = (t2Fj - Fj^ (Ti - T2) mod Oh 

Therefore, operators Lj and H commute in O/Oh- Hence, if is a Bloch wave solution of 
(4.1), i.e. Hip = 0, then Ljip is also a Bloch solution of the same equation. Since (4.1) has 
a unique solution up to multiplication by constant (i.e. the kernel of H is one-dimensional), 
we must have Ljijj = a.j{Z, k)ijj, where aj is Ti-invariant, i.e. aj{Z, k) = aj{Z + U, k). 

Note that the constant factor ambiguity in the definition of ip does not affect Oj, and 
thus aj are well-defined global meromorphic functions on \ E. Since the closure of ZC/ is 
dense in X, the Ti invariance of aj implies that aj is a holomorphic function oi Z ^ X, and 
thus it is constant in Z (note that we in fact have ag^n — ~Cs,n for s < n). ■ 

If we set now m = 0, the operator Lj can be regarded as a Z-parametric family of 
ordinary difference operators Lf . 
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Corollciry 5.3 The operators Lj commute with each other, 



(5.12) 



A theory of commuting difference operators containing a pair of operators of co-prime 
orders was developed in [24, 14]. It is analogous to the theory of rank 1 commuting differential 
operators [3, 4, 12, 13, 24] (relatively recently this theory was generalized to the case of 
commuting difference operators of arbitrary rank in [19].) 

Lemma 5.4 Let be the commutative ring of ordinary difference operators spanned by 
the operators Lj. Then there exists an irreducible algebraic curve T of arithmetic genus g 
with involution a : T \ — > T such that for a generic Z the ring is isomorphic to the ring 
of meromorphic functions on F with the only poles at two smooth points , which are odd 
with respect to the involution a. The correspondence Z — > A'^ defines a holomorphic map of 
X to the space of odd torsion-free rank one sheaves !F onV 

j :X \ — > P^{T) = Ker{l + a) C Pic(r). (5.13) 

Proof. As shown in [24, 14] there is a natural correspondence 

A< — >{r,P±,J^} (5.14) 

between commutative rings A of ordinary linear difference operators containing a pair of 
monic operators of co-prime orders, and sets of algebro-geometric data {r,P±, [A;~^]-|-, JF}, 
where T is an algebraic curve with fixed first jets [A;~^]± of local coordinates k^^ in the 
neighborhoods of smooth points P^ G F, and ^ is a torsion- free rank 1 sheaf on F such that 

h\r,J^) = h\r,J^(nP+ - nP^) = 0. (5.15) 

The correspondence becomes one-to-one if the rings A are considered modulo conjugation 
A' = gAg-\ 

The construction of the correspondence (5.14) depends on a choice of initial point tiq — 0. 
The spectral curve and the sheaf are defined by the evaluations of the coefficients of 
generators of .4. at a finite number of points of the form no + n. In fact, the spectral curve 
is independent on the choice of xq, but the sheaf does depend on it, i.e. T depends on the 
choice of uq. 

Using the shift of the initial point it is easy to show that the correspondence (5.14) 
extends to the commutative rings of operators whose coefficients are meromorphic functions 
of X. The rings of operators having poles at n = correspond to sheaves for which the 
condition (5.15) for n = is violated. 

A commutative ring A of linear ordinary difference operators is called maximal if it 

is not contained in any larger commutative ring. The algebraic curve F corresponding to 
a maximal ring is called the spectral curve of A. The ring A is isomorphic to the ring 
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A{T, P^) of meromorphic functions on F with the only pole at P^, and vanishing at P^ . 
The isomorphism is given by the equation 

Laij = ai), La^A, a e A{T, P±), (5.16) 

where ip is a, common eigenfunction of the commuting operators. 

Let be the spectral curve corresponding to the maximal ring containing A^ . The 
eigenvalues aj{k) of the operators defined in (5.11) coincide with the Laurent expansions 
at P^ of the meromorphic functions % e A{T^,P±), and thus are Z-independent. Hence, 
the spectral curve in fact does not depend on Z. 

The functions -^'^ are eigenfunctions of Lf 

Lji/;^ = -aj{k)i^''. (5.17) 

Hence, the correspondence ip ip'^ gives rise to an involution a of the spectral curve. The 
eigenvalues aj are odd with respect to the involution, and thus the lemma is proved. ■ 

The next step is to consider deformations of A^ defined by the discrete Novikov-Veselov 
hierarchy introduced in Section 3. Through this hierarchy we identified the space spanned 
by functions Fj with the tangent space to the orbit of the hierarchy. Lemma 5.1 identifies 
the orbit of the hierarchy with Z + Y, where Y is the closure of the group spanned by 
vectors Vj. The orbit of the NV hierarchy is the odd part of the orbit of two Kadomtsev- 
Petviashvih fiows corresponding to points P^. It follows from [28] that the orbit of the 
discrete NV hierarchy is isomorphic to V(r). For a generic Z the ring is a maximal odd 
ring. Therefore, we get 

Lemma 5.5 For Z E generic, the orbit of A^ under the NV flows defines an isomor- 
phism: 

iz-V{r)i — >Z + YgX. (5.18) 

Corollary 5.6 The Prym variety V{T) of the spectral curve F is compact. 

The compactness of the Prym variety is not as restrictive as the compactness of the Jacobian 
(see [6]). Nevertheless, it implies an explicit description of the singular points of the spectral 
curve. The following result is due to Robert Friedman (see the appendix of [16]): 

Corollary 5.7 The spectral curve F is smooth outside of fixed points qk of the involution a. 
The branches of F at qk are linear and are not permuted by a. 

The arguments identical to that used at the end of [16] prove that in fact the singular points 
qk are at most double points. For a curve with at most double singular points all the sheafs 
T arc line bundles. Therefore, the map j in (5.13) is inverse to iz in (5.18), and the main 
theorem is thus proven. 
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